We study a thin-shell limit of micromagnetic energy for soft small ferromagnets. The relations between thickness of the magnet t, diameter l and magnetic exchange length w are t/l → 0 and tl/w 2 1. We prove a Γ-convergence of the original 3D problem to a nonlocal 2D problem.
Introduction
The micromagnetic variational principle is a non-convex, nonlocal variational problem whose local minima represent the stable magnetization patterns in a ferromagnetic body. The multi-scale complexity of the micromagnetic functional creates a lot of regimes, depending on the relation between the material and geometrical parameters. Our work explores one of these regimes, by considering specific one-parameter family of micromagnetic problems. We focus on a special case of nonuniform soft thin ferromagnetic films -thin shells, see Fig. 1 .
After a suitable normalization, the micromagnetic energy has the form
Here Ω ⊂ R 3 is the region occupied by the ferromagnet; m: Ω → R 3 is the normal- 
where functions f 1 and f 2 vanish on the boundary of ω, see Fig. 1 . Note that it is different from a thin film domain V h = ω × (0, h) (see Fig. 2 ) studied in various regimes in Refs. 2-5, 7 and 9. Numerical simulations 10 suggest that magnetization behavior in thin shells differs from that in thin films, we confirm this statement by rigorous analysis. We treat the rescaled thickness h as a small parameter and explore the asymptotics of the magnetostatic energy with respect to h. Then using 
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methods of Γ-convergence we prove that the full micromagnetic functional reduces to the following 2D nonlocal variational problem
with constraints m = m(x) for x ∈ ω, |m| = 1 and 
with constraints m = m(x) for x ∈ ω, |m| = 1 and m 3 = 0. It is two-dimensional and local, the contribution of stray field energy reduces to a constant times the boundary integral of (m · n) 2 . . In thin shells due to the fact that f i (∂ω) = 0, in the limit we do not have a constraint (m · n) = 0. This means that, unlike in a thin film, magnetization is not forced to form a vortex and, for instance, configuration m = const. |m| = 1, m 3 = 0 has a finite energy.
The paper is organized as follows. In Sec. 2 we state the mathematical problem and give our main result which establishes the Γ-convergence of the micromagnetic energy to a suitable 2D variational problem. In Sec. 3 we prove Γ-convergence theorem relying on the asymptotic expansion of magnetostatic energy. In Sec. 4 we prove some auxiliary propositions used in Sec. 3, providing a simplification of a nonlocal term.
Statement of the Results
We consider one-parameter family of micromagnetic energy functionals where
|m h | = 1 and u h satisfies the following equation
Hypothesis (H).
We assume the following properties of f 1 and f 2 :
Rescaling domain in z direction, we obtain
Note that magnetostatic energy is written as in (2.1). This is the functional we are going to consider below. Throughout the paper we use the following notation: x, y are points in R 3 ; x, y are points in ω ⊂ R 2 ; z, s, t ∈ R are thickness variables;
We will need the following propositions.
Proposition 2.1. Assume that f 1 , f 2 satisfy the hypothesis (H) and 
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Using Propositions 2.1 and 2.2 we will prove the following two theorems. 
where
h → α as h → 0 and f 1 and f 2 satisfy hypothesis (H), then we have:
Proof of Γ-Convergence
In this section we are going to prove the Γ-convergence stated as 
Since m is independent of z, we see that m 3 = 0. Now let us prove Γ-convergence.
First we consider the case m 3 = 0 and
and there is nothing to prove. By Proposition 2.1 we have we obtain lim inf 
Therefore we obtain 
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Let us assume first that m 3 = 0 and m = m(x) for x ∈ ω then we may construct a sequence by takingm h = m. Plugging this sequence in the expression for energy (2.2) we have
By Proposition 2.1 we know that in this case
Taking a limit as h → 0 we obtain
If at least one of the conditions m = m(x) or m 3 = 0 is violated, then we already know that
hence for any such sequence we have
The theorem is proved.
Asymptotics of Magnetostatic Energy
In this section we are going to simplify the nonlocal term as h → 0 and prove Propositions 2.1 and 2.2. We essentially follow the ideas of Ref. 7 , and make repeated use of the following result:
Proof of Proposition 2.1. The magnetostatic energy may be written as (see (2.2))
Solving the equation for u h we also have
Plugging the expression (4.2) for u h into formula (4.1) for magnetostatic energy, we obtain
Below we are going to describe three terms in (4.3) as "bulk-bulk term", "boundary-boundary term", and "bulk-boundary term". We will expand these terms and then combine them in a suitable manner.
Bulk-bulk term.
Let us expand the bulk-bulk term:
where we use the following notation
(4.5)
Here div p m h denotes a plane divergence.
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Bulk-boundary term. Let us expand bulk-boundary term: 6) where
Now let us elaborate on it:
(4.8)
Normal vectors to S 1 and S 2 are
,
Therefore we have
(4.10)
V. Slastikov
Now let us combine the terms in the following fashion
(4.11)
In the same way we obtain
(4.12)
Now we have
13)
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and hence
Here we have used the following identity:
By the same arguments we may show that
14)
(4.15)
Let us combine some of the terms and use Lemma 4.1 to estimate them
So we may write
Boundary-boundary term. Similarly, we expand and reorganize the boundary-boundary term.
Here we use the following notation
Using change of variables we obtain
(4.19)
and rearranging terms we obtain
(4.22)
We define
After rearrangement we also have the following estimate
So we have
Now we calculate 
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where m 3,h = (0, 0, (m h · e 3 )). We find as before 
